
Ëþái ó÷íi!
Âàì ïðîïîíóþòüñÿ çàäà÷i ïðîáëåìíîãî òóðó. Îöiíþâàòèñü áóäóòü íå

òiëüêè ðîçâ'ÿçêè îäíi¹¨ ÷è êiëüêîõ çàäà÷, àëå é ìîæëèâi óçàãàëüíåííÿ ÷è
öiêàâi iäå¨, ÿêi âèíèêëè ïðè ðîçâ'ÿçàííi. Íà ôåñòèâàëi áóäóòü ïðî÷èòàíi
ëåêöi¨, ç ÿêèõ âè äiçíà¹òåñü ïðî ðîçâ'ÿçàííÿ öèõ çàäà÷ òà ¨õ çâ'ÿçîê iç ñó-
÷àñíîþ ìàòåìàòèêîþ.

Äîðîãèå øêîëüíèêè!
Âàì ïðåäëàãàþòñÿ çàäà÷è ïðîáëåìíîãî òóðà. Îöåíèâàòüñÿ áóäóò íå òîëü-

êî ðåøåíèÿ îäíîé èëè íåñêîëüêèõ çàäà÷, íî è âîçìîæíûå îáîáùåíèÿ, à
òàêæå èíòåðåñíûå èäåè, âîçíèêøèå ïðè ðåøåíèè. Íà ôåñòèâàëå áóäóò ïðî-
÷èòàíû ëåêöèè, èç êîòîðûõ âû óçíàåòå î ðåøåíèè ýòèõ çàäà÷ è èõ ñâÿçè ñ
ñîâðåìåííîé ìàòåìàòèêîé.

Dear pupils! We propose you tasks of the problem round. Not only soluti-
ons, but possible generalizations and interesting ideas appeared during solving
will be evaluated. The lectures on each problem and its connection with modern
mathematics will be presented during the Festival.

Çàäà÷à 1
(À.À.Äîðîãîâöåâ)

Íà ïëîùèíi ðîçòàøîâàíî 2010 òî÷îê, ÿêi ìîæíà ïåðåìiùàòè íàñòóïíèì
÷èíîì. Çà îäèí êðîê îáèðà¹òüñÿ îäíà ç òî÷îê òà ïåðåìiùà¹òüñÿ â òî÷êó
ñèìåòðè÷íó ¨é âiäíîñíî öåíòðó âàãè âñi¹¨ ñèñòåìè òî÷îê∗.

à) Ïðèïóñòèìî, ùî ñïî÷àòêó âñi ïîïàðíi âiäñòàíi ìiæ òî÷êàìè íå ïåðå-
âèùóâàëè 1. ×è ìîæóòü íà ÿêîìóñü êðîöi çíàéòèñü òàêi äâi òî÷êè, âiäñòàíü
ìiæ ÿêèìè áóäå áiëüøîþ çà 100?

á) Ïåðåâiðèòè, ùî ÿêèì áè ÷èíîì íå îáèðàëèñü òî÷êè ñèñòåìè íà êîæíî-
ìó êðîöi, íà ïëîùèíi çíàéäåòüñÿ òàêà òî÷êà C, äî ÿêî¨ çáiãà¹òüñÿ öåíòð âàãè
ñèñòåìè. Òîáòî, äëÿ äîâiëüíîãî äîäàòíîãî ε çíàéäåòüñÿ òàêèé íîìåð êðîêó,
ïiñëÿ ÿêîãî öåíòð âàãè ñèñòåìè áóäå çàëèøàòèñü â êóëi ðàäióñà ε ç öåíòðîì
ó C.

∗ Öåíòð âàãè ñèñòåìè òî÷îê A1, . . . , An � öå òàêà òî÷êà O, ùî
~OA1 + . . . + ~OAn = 0.



Çàäà÷à 1

(À.À.Äîðîãîâöåâ)

Íà ïëîñêîñòè ðàñïîëîæåíî 2010 òî÷åê, êîòîðûå ìîæíî ïåðåäâèãàòü ñëåäó-
þùèì îáðàçîì. Çà îäèí øàã âûáèðàåòñÿ îäíà èç òî÷åê è ïåðåñòàâëÿåòñÿ â
òî÷êó ñèììåòðè÷íóþ åé îòíîñèòåëüíî öåíòðà òÿæåñòè âñåé ñèñòåìû òî÷åê∗.
à) Ïðåäïîëîæèì, ÷òî âíà÷àëå âñå ïîïàðíûå ðàññòîÿíèÿ ìåæäó òî÷êàìè
áûëè íå áîëüøå 1. Ìîãóò ëè íà íà êàêîì-òî øàãå íàéòèñü äâå òàêèå òî÷êè
ñèñòåìû, ðàññòîÿíèå ìåæäó êîòîðûìè áóäåò áîëüøå 100?
á) Ïðîâåðèòü, ÷òî êàê áû íå âûáèðàëèñü òî÷êè ñèñòåìû íà êàæäîì øàãå,
íà ïëîñêîñòè íàéäåòñÿ òàêàÿ òî÷êà C, ê êîòîðîé ñõîäèòñÿ öåíòð òÿæåñòè
ñèñòåìû. Èíûìè ñëîâàìè, äëÿ âñÿêîãî ïîëîæèòåëüíîãî ε íàéäåòñÿ òàêîé
íîìåð øàãà, ïîñëå êîòîðîãî öåíòð òÿæåñòè ñèñòåìû áóäåò îñòàâàòüñÿ â
êðóãå ðàäèóñà ε ñ öåíòðîì â C.

∗ Öåíòð òÿæåñòè ñèñòåìû òî÷åê A1, . . . , An � ýòî òàêàÿ òî÷êà O, ÷òî
~OA1 + . . . + ~OAn = 0.

Problem 1
(À.À.Dorogovtsev)

There are 2010 points on a plane. One moves them in the following way. At each
step some point is selected and move it to the symmetric point with respect to
the center of mass of the whole system ∗.
a) Assume that initially all pairwise distances between the points were less
than or equal to 1. Can the distance between some two points of the system be
greater than 100 at some step?
b) Prove that for any selection of a point at each step there exists a point C such
that the center of mass of the system converges to C. That is, for each positive ε

there is a step n after which the center of mass will stay in the ball with its center
in C and radius ε.

∗ A point O is called the center of mass of a collection of points A1, . . . , An if
~OA1 + . . . + ~OAn = 0.



Çàäà÷à 2
(À.Þ.Ïèëèïåíêî)

Çìié Ãîðèíè÷ íàðîäèâñÿ íåñêií÷åííî äàâíî. Â íüîãî ¹ 2 íåñêií÷åííî áàãàòî
ñâi÷îê äâîõ òèïiâ. Ñâi÷êè ïåðøîãî òèïó ãîðÿòü ðiê, à äðóãîãî 2 ðîêó. Êîëè
ñâi÷êà çàêií÷ó¹òüñÿ, Çìié ïiäêèäà¹ ìîíåòó. ßêùî âèïàâ îðåë, òî âií çàïàëþ¹
ñâi÷êó ïåðøîãî òèïó, à ÿêùî ðåøiòêà, òî äðóãîãî.
Áàáà ßãà çàéøëà â ãîñòi äî Çìiÿ Ãîðèíè÷à 10.05.3010. ßêà éìîâiðíiñòü òîãî,
ùî â òîé ìîìåíò ãîðiëà ñâi÷êà ïåðøîãî òèïó? ßê çìiíèòüñÿ âiäïîâiäü, ÿêùî
ó Çìiÿ Ãîðèíè÷à ñâi÷êè 6 òèïiâ òàêi, ùî ñâi÷êà i òèïó ãîðèòü i ðîêiâ òà äëÿ
âèáîðó ñâi÷êè Çìié âèêîðèñòîâó¹ ãðàëüíèé êóáèê?

Çàäà÷à 2
(À.Þ.Ïèëèïåíêî)

Êàùåé Áåññìåðòíûé ðîäèëñÿ áåñêîíå÷íî äàâíî. Ó íåãî åñòü áåñêîíå÷íî
ìíîãî ñâå÷åê äâóõ òèïîâ. Ñâå÷êè ïåðâîãî òèïà ãîðÿò ãîä, à âòîðîãî òèïà 2
ãîäà. Êîãäà î÷åðåäíàÿ ñâå÷êà êîí÷àåòñÿ, Êàùåé ïîäáðàñûâàåò ìîíåòó. Åñëè
âûïàë îðåë, òî Êàùåé çàæèãàåò ñâå÷êó èç ïåðâîãî òèïà, à åñëè ðåøêà, òî
âòîðîãî.
Áàáà ßãà çàøëà â ãîñòè ê Êàùåþ 10.05.3010. Êàêàÿ âåðîÿòíîñòü òîãî, ÷òî
â òîò ìîìåíò ãîðåëà ñâå÷êà èç ïåðâîãî òèïà? Êàê èçìåíèòñÿ îòâåò, åñëè
ó Êàùåÿ åñòü ñâå÷è 6 òèïîâ, ñâå÷è òèïà i ãîðÿò i ëåò è äëÿ âûáîðà ñâå÷è
Êàùåé èñïîëüçóåò êóáèê?

Problem 2
(À.Yu.Pilipenko)

The Immortal Wizard was born in�nitely many years ago. He has in�nitely
many candles of 2 types. A candle of the �rst type burns for one year, a candle
of the second type burns for 2 years. The Wizard tosses a coin at the instant
when a candle goes out. If he gets a head, then the Wizard lights a candle of
the �rst type. Otherwise he lights a candle of the second type. What is the
probability that a candle of the �rst type will be burning on 10.05.3010? How
would the answer change if the Wizard had candles of 6 types, a candle of type
i ∈ {1, ..., 6} is burning for i years? The type of a candle is chosen by tossing
a dice.



Çàäà÷à 3
(Î.Ì.Êóëèê)

Ñåðåäíiì àðèôìåòè÷íèì äâîõ òî÷îê íà ïëîùèíi íàçèâàòèìåìî ñåðåäèíó
âiäðiçêó, ùî ¨õ ñïîëó÷à¹. Ñåðåäíiì àðèôìåòè÷íèì Q+R

2 äâîõ ôiãóð Q òà
R áóäåìî íàçèâàòè ìíîæèíó ñåðåäíiõ àðèôìåòè÷íèõ âñiõ ïàð òî÷îê A ç Q

i B ç R. Íåõàé Q = ∆1 è R = ∆2 � äâà òðèêóòíèêè.
1. Äîâåäiòü, ùî ∆1+∆2

2 � îïóêëèé n-êóòíèê. ßêi çíà÷åííÿ ìîæå ïðèéìàòè
÷èñëî n ïðè ðiçíîìó âèáîði òðèêóòíèêiâ?

2. Íåõàé âiäîìî, ùî òðèêóòíèêè ∆1, ∆2 ìàþòü îäèíè÷íó ïëîùó. ßêi çíà-
÷åííÿ ìîæå ïðèéìàòè ïëîùà ∆1+∆2

2 ?

3. Íåõàé âiäîìî, ùî òðèêóòíèêè ∆1, ∆2 ìàþòü îäèíè÷íèé ïåðèìåòð. ßêi
çíà÷åííÿ ìîæå ïðèéìàòè ïåðèìåòð ∆1+∆2

2 ?
Çàäà÷à 3

(À.Ì.Êóëèê)

Ñðåäíèì àðèôìåòè÷åñêèì äâóõ òî÷åê íà ïëîñêîñòè áóäåì íàçûâàòü ñåðå-
äèíó ñîåäèíÿþùåãî èõ îòðåçêà. Ñðåäíèì àðèôìåòè÷åñêèì Q+R

2 äâóõ ôèãóð
Q è R áóäåì íàçûâàòü ìíîæåñòâî ñðåäíèõ àðèôìåòè÷åñêèõ âñåõ ïàð òî÷åê
A èç Q è B èç R. Ïóñòü Q = ∆1 è R = ∆2 � äâà òðåóãîëüíèêà.
1. Äîêàæèòå, ÷òî ∆1+∆2

2 � âûïóêëûé n-óãîëüíèê. Êàêèå çíà÷åíèÿ ìîæåò
ïðèíèìàòü ÷èñëî n ïðè ðàçíîì âûáîðå òðåóãîëüíèêîâ?

2. Ïóñòü èçâåñòíî, ÷òî òðåóãîëüíèêè ∆1, ∆2 èìåþò åäèíè÷íóþ ïëîùàäü.
Êàêèå çíà÷åíèÿ ìîæåò ïðèíèìàòü ïëîùàäü ∆1+∆2

2 ?

3. Ïóñòü èçâåñòíî, ÷òî òðåóãîëüíèêè ∆1, ∆2 èìåþò åäèíè÷íûé ïåðèìåòð.
Êàêèå çíà÷åíèÿ ìîæåò ïðèíèìàòü ïåðèìåòð ∆1+∆2

2 ?

Problem 3
(À.M.Kulik)

The mean value of two points on a plane is the middle of the respective segment.
The mean value Q+R

2 of two �gures Q and R is the set of mean values for all
pairs A from Q and B from R. Let Q = ∆1 and R = ∆2 be two triangles.



1. Prove that ∆1+∆2

2 is a convex polygon. What are the possible values for
the number n of its vertices under various choices of the triangles?

2. Assume that the triangles ∆1, ∆2 have unit area. What are the possible
values for the area of ∆1+∆2

2 ?

3. Assume that the triangles ∆1, ∆2 have unit perimeter. What are the possi-
ble values for the perimeter of ∆1+∆2

2 ?


