JI106i1 yumi!

Bam mpononyooThed 3ajadi mpodbjemMHoro Typy. OIiHIOBATHCHL OYIyTh He
TLIBKM PO3B’SI3KKM OJIHIET UM KIJILKOX 3aJia4, aJje i MOXKJIMBI y3arajbHEHHS 9u
1ikaBi iJiel, siki BUHUKJIM 1pu po3B’sizanni. Ha decrupasii OyjyTh npounTani
JIEKTIi1, 3 IKUX BU JII3HAECTECH PO PO3B’sI3aHHS IUX 3aJ1a4 Ta, 1X 3B’I30K i3 Cy-
JACHOIO MaTeMaTHUKOIO.

Jloporue mKoOJbHUKN]!

Bawm npejiaraiorcst 3aaan npobseMuoro Typa. OnennBarhbest Oy1yT He TOJIhb-
KO pelleHUs] OJIHOW WMJIM HECKOJIbKUX 3aJlad, HO M BO3MOXKHbIe 0000IeHus, a
TaK»Ke MHTepeCcHble UJier, BO3HUKIINE pu pertennu. Ha dpectupajie OyayT mpo-
YUTAaHBI JIEKIUU, U3 KOTOPBIX Bbl Y3HAETE O PELICHUU STHUX 3aJiad ¥ UX CBA3U C
COBPEMEHHO MaTeMaTUKOM.

Dear pupils! We propose you tasks of the problem round. Not only soluti-
ons, but possible generalizations and interesting ideas appeared during solving
will be evaluated. The lectures on each problem and its connection with modern
mathematics will be presented during the Festival.

Samaua 1
(A.A.Joporosiien)

Ha rtonuni posramosano 2010 To4oK, siKi MOXKHa [EPEMIIIATH HACTYITHUM
YUHOM. 3a OJINH KPOK OOMPAETHCS OJIHA 3 TOYOK Ta MEPEMIMIAE€ThCs B TOUKY
CUMETPUYHY T# BIIHOCHO IEHTPY Baru BCIEl CHCTEMH TOUYOK™.

a) [Ipunycrumo, 1o crnovarky BCl MomapHi BijicTaHi Mi>kK TOYKaMU He Tiepe-
ButityBaJiv 1. Y1 MOXKyTh Ha AKOMYCh KPOIl 3HAfTUCH TaKl JIBl TOUKH, BIJICTaHb
MiXK AKUME Oyje OibInoo 3a 1007

0) IepesipuTu, 1o siKUM 61 THHOM HEe OOMPAJINCH TOYKH CHCTEMH Ha KOYKHO-
My KPOIIi, Ha IJIOIINHI 3HA1eThCs Taka TouKa, C) 110 siKOl 30ira€ThCsl IEHTP Baru
cucremu. ToOTO, 771 TOBLIBHOTO JIOJATHOTO € 3HANIETHCA TaKUil HOMEDP KPOKY,
IICJIsI SIKOT'O IEHTP Baru cUCTeMu OyJie 3aJUIIaTUCh B KYJIl pajiyca € 3 eHTPOM

y C.

* Lenrp Baru cucreMu To49ok Aq, ..., A, — e raka Touka O, 1110

OA,+ ...+ OA, =0.



Samgaga 1
(A.A.Joporosies)

Ha miockocru pacnosioxkeno 2010 Toyek, KOTOPbIe MOXKHO IIEPEJIBUIATD CJIEJLY-
IoIUM 00pa3oM. 3a OJIMH IIAT BLIOMPAETCS OJ(HA U3 TOUYEK U IIePECTaBJISIeTCS B
TOUYKY CUMMETPUUYHYIO €if OTHOCUTE/IbHO IIEHTPA TsAXKECTH BCeil CUCTEMbI TOUEK ™.
a) IIpejnonoxumM, 4T0 BHaYas e BCe MOMAPHBIE PACCTOSIHUS MEXKJYy TOUYKAMU
ObL He Oosbie 1. MoryT jin Ha Ha KaKOM-TO IIare HAUTUCH JIBe TaKue TOUKH
CUCTEMbI, PACCTOsIHIE MEXK Iy KOoTopbiMu Oyyer 6osbie 1007

6) [Tposepurhb, uTo Kak ObI He BHIOMPAJIUCH TOUKU CHCTEMbI Ha KayKJIOM ITare,
Ha TJIOCKOCTH Hafijercs: Takasi Todka C, K KOTOPO# CXOMUTCS IEHTP TsiXKECTH
cucreMbl. IHBIMU CJIOBAMHU, JIJIsI BCSIKOIO MOJIOXKUTEJIHLHOIO € HalIeTcs TaKoii
HOMEp IIara, IOCJe KOTOPOIO IEHTP TSXKECTU CHUCTeMbl OyJileT OCTaBaThCs B
Kpyre pajnyca € ¢ nearpom B C.

* LHenrp msizkecru cucrembl Toyek Aq, ..., A, — 910 Takas rouka O, 4o

OA, + ...+ OA, =0.

Problem 1
(A.A.Dorogovtsev)

There are 2010 points on a plane. One moves them in the following way. At each
step some point is selected and move it to the symmetric point with respect to
the center of mass of the whole system *.

a) Assume that initially all pairwise distances between the points were less
than or equal to 1. Can the distance between some two points of the system be
greater than 100 at some step?

b) Prove that for any selection of a point at each step there exists a point C' such
that the center of mass of the system converges to C'. That is, for each positive €
there is a step n after which the center of mass will stay in the ball with its center
in C' and radius €.

* A point O is called the center of mass of a collection of points Ay, ..., A, if

OA;+ ...+ OA, =0.



Sagada 2
(A.}O.IIunumnenko)

Smiit ['opuHUY HApPOIMBCA HECKIHYEHHO JaBHO. B HBOro € 2 HeCKiHYeHHO 6araTo
CBIYOK JiBOX TuIiB. CBIUKH MEPIIOro TUIY IOPATH PiK, a Jpyroro 2 poky. Kosu
CBIYKa 3aKIHIYETHCs, SMIi M1 JIKM1a€ MOHETY. ZIKIIO BUITAB OPEJI, TO BiH 3aIaJIioe
CBIUKY TIEPINOTO THUITY, a SKITO perriTKa, TO JPyTroro.

Baba fAra zaiinura B rocri 1o 3misg I'opunnya 10.05.3010. fka iiMoBipHICTH TOTO,
ITI0 B TOI MOMEHT TOpijia ¢BiUKa meprioro Tuiy? JK 3MIHUTHCS BIAMOBIAH, SIKIO
y 3wmist [opunnya cBiukm 6 TwIiB Taxi, M0 CBIYKa ¢ TUITY TOPUTH ¢ POKIB Ta, JIJIst
BUOOPY CBIYKHM 3Miii BUKOPUCTOBYE IpaJbHUN KyOUK?

Samaua 2
(A.1O.ITunumnenko)

Kareit BeccmeprHblil popuiics OECKOHETHO JaBHO. ¥ HEro ecrb O0eCKOHEUHO
MHOTO cBeveK JIByX TUMOB. CBEUKM MEPBOTO THUIIA TOPST I'OJI, & BTOPOTO THTIA, 2
rojia. Korjia ouepejinas cseuka konuaercs, Kaieit nojopacbiaer mouery. Kciu
BBINAJI opeJi, To Kaleil 3axkuraeT ¢cBeUKy M3 IIEPBOro THUIIA, a €CJU pelIKa, TO
BTOPOTO.

Baba Ara zanuia B rocru k Karmiero 10.05.3010. Kakasi BeposiTHOCTb TOI'O, 4TO
B TOT MOMEHT TOpeJjia cBedkKa u3 mepBoro tuia’ Kak M3MEHUTCS OTBET, ecjiu
y Kainest ectb cBeun 6 THIIOB, CBEUM THUIIA © TOPST ¢ JIET U JiJId BbIOOpa CBEUIN

Kameit ucrnonnsyer Kyouk?
Problem 2

(A.Yu.Pilipenko)

The Immortal Wizard was born infinitely many years ago. He has infinitely
many candles of 2 types. A candle of the first type burns for one year, a candle
of the second type burns for 2 years. The Wizard tosses a coin at the instant
when a candle goes out. If he gets a head, then the Wizard lights a candle of
the first type. Otherwise he lights a candle of the second type. What is the
probability that a candle of the first type will be burning on 10.05.3010?7 How
would the answer change if the Wizard had candles of 6 types, a candle of type
i € {1,...,6} is burning for ¢ years? The type of a candle is chosen by tossing
a dice.



Sagada 3
(O.M.Kynuk)

Cepednim apupmemuunum 060r mowox Ha IJIOMKNHI HABUBATHMEMO CEPEIHHY
. . . . Q+R .

BiIPisKy, 10 iX cnoydae. Cepednim apupmemunnum ~5— deox dieyp Q ma

R Oynemo HasuBaTH MHOXKWHY cepenHix apudMeTuIHux Beix map To9ok A 3 ¢

i B3 R. Hexait Q = A1 n R = Ay — 1Ba TPUKYTHUKHN.

+A2

1. HoBemiTs, 1m0 — OINYKJINH N-KyTHUK. f1K1 3HaUeHHsT MOKe TpUuiMaTH

YUCJIO N TIPU p13H0My BUOOPI TPUKYTHUKIB?

2. Hexaii Bimomo, 1o TpukyTHUKE A1, Ay MaIOTh OJUHAIHY ILIOINTY. ZIKi 3HA-

YeHHdA MOXKe NPpUMaTHh I1JI0I1a Al%&?

3. Hexaii Bimomo, mo Tpukytauku A, Ao MaOThL OJUHUIHIN mepumerp. fKi

3HAUYEHHS MOXKe MMPUIMaTi MepUuMeT]P %?

Samgada 3
(A.M.Kynuk)

Cpednum apugpmemuyeckum Jdéyxr movek Ha TMIOCKOCTH OyJieM Ha3bIBATH cepe-
Q+R

JUHY COeJUHAOIEro ux orpeska. Cpednum apupmemuneckum “5= deyx duzyp

@ u R Oynem HasbIBaTh MHOXKECTBO CPEIHUX apuPMETHICCKIX BCEX Map TOYeK

Awus Qu Busz R. Ilyctb QQ = Ay u R = Ay — jiBa TpeyrobHUKA.

A1 +Ay
2

1. Jlokaxkure, 4TO — BBIMYKJIbII N-yTOJbHUK. Kakne 3nadenns MOKeT

MPUHUMATH TUCJIO N TIPUA PA3HOM BHIOOPE TPEYTOJHHUKOB?

2. Ilycrb m3BecTHO, UTO TpeyroabHUKH A1, Ay UMEOT eIMHUIHYO IO Tb.

Kakue 3Ha9eHrsg MOXKET NPUHUMATD IO b %?

3. Ilycrb uzBectHO, 9TO TpEeyroabHukn A1, Ay UMEIOT eMHUIHbII IIepuMeTp.
A1+A, 9
- !

Kaxne 3HaueHrs MOXKET NPUHAMATH IEPUMETP
Problem 3
(A.M.Kulik)
The mean value of two points on a plane is the middle of the respective segment.

The mean value YL B of two figures Q and R is the set of mean values for all
pairs A from @) and B from R. Let ) = Ay and R = Ay be two triangles.



1. Prove that % is a convex polygon. What are the possible values for
the number n of its vertices under various choices of the triangles?

2. Assume that the triangles Ay, Ay have unit area. What are the possible
values for the area of %?

3. Assume that the triangles Ay, As have unit perimeter. What are the possi-
ble values for the perimeter of %?



