VIII KHiBCbKUH MI)KHAPOI[HI/Iﬁ OIBUKO-MATEMATUYHUUN ®ECTUBAJID
Yena mamemamuuna onimniaoa. 10knac. Po3é azannsn

1. V tpamenii ABCD (AD||BC) Hna croponax AB ta CD B3stro Touku M Tta N BiamoBimHO, Taki, 110
OBAN = CDM. [losenits, mo [IBNA=[TCMD. B C

N
JOBEJIEHHA. OueBunno, mo yotupukyTHUK AMND € Bnincanum. Tomy

CJADN +OAMN =18C° . 3gincu
OBMN +OBCN = (180° ~OAMN )+ (180 —~JADN )= 180

10010 yoTHpuKyTHUK BCNM Takox € Bmucanum. Otxxe, [JABN =[IMCD
1 OBNA=18C® -UABN -0OBAN =180 -0MCD -0OCDM =0OCMD

2.3uaiaite yci pynkmii f iR - R, ams ssIKuX BUKOHYIOTHCS YMOBH:
Q) f2x)=f(x+y)f (y—x)+ f(x=y)f (—=x—Y) mns Bcix aificaux X Ta VY,
(2) f(X)=0 gns BCix AIHCHUX X.
BLIMOBLIb. f(x)=0 ato f(x)E%.
PO3B AA3BAHHS. Ockinbku f(=2x)= f (20-x))=f (x+y)f (y+x)+ f (-x—-y)f x—y)=f () nmna no-

BUTBHUX JIACHUX X Ta Y, TO MaeMO, IO

f(a) = f(-a) mna Oymp-sxoro allR. (*)
Mincrasusum B ymosy (1) X =0, orpumyemo: f(0) = f2(y)+ f ?(-y). Bpaxosytoun (¥), maemo: f(0)=2f2(y).

3 Hesix' emuocti f(Yy) Bumumsae, mo f(y) =const=c .3 ymosu (1) ¢ =2c?, 3Bigku ¢=0 abo C= %

3. 3HaiiiTe Bci mpocTi uncna P, And akux 5° + 4p* € kBagpaTOM HATYpaTBEHOTO YKCIA.

BLAMNOBIAb. p=5.

PO3B' AA3AHHS. Hexait 5°+4p*=a’, ne alON. Tom 5°=(a-2p?)@+2p?), 3Binkm a-2p*=35,
a+2p®>=5", ne 10{0, 1, 2,..., p}. Bimusasum x8i ocranHi piBHOCTi, OTpHMaemo, mo 4p> =5"" -5,

Sxmo | >0, To 4p® : 5, 3Binku P =5, fgKe 0OYEBHIHO 3aJ0BOILHAE YMOBI 3a/1aui.
Sxmo x | =0, To a=2p*+1, omxe 5° = 4p” + 1. 3a inayKIi€ro Terko A0BECTH, MO IS OyIb-SKOT0 HATypalb-

HOTO P =2 BUKOHYEThCs HepiBHicTh 5° > 4p” + 1.

4. Posrnsnemo maxoBy gomky 2009x 2009 Hexait N — HailiMeHIIa KUIbKICTh MIPSIMOKYTHHUKIB, SIKI MOXHA Ha-
MaJTIIFOBaTH Ha I AOMIII TaK, MO0 KOYKHA CTOPOHA OY/b-IKOi KIITHHKH Ha JOIIII MICTHIACh HA CTOPOHI X04a 0
OJTHOTO 3 IUX MPSIMOKYTHHUKIB. 3HAUIITH N.

BLAIIOBLIb. n=2009

PO3B SAIBAHHSI. Po3risitHeMO CTOPOHH KIIITHHOK, IO YTBOPIOIOTH JIaMaHYy, IO-
Ka3aHy Ha puCyHKY. O4eBHIHO, 110 KOXKEH MPSMOKYTHUK MOXE MICTHTH Ha CBOiX
CTOpOHAX He OLIbINe JBOX 3 BUAUICHHX BiApi3kiB. OCKUIBKU IS JaMaHa Ma€ I10
2009BepTHUKaIbHUX 1 TOPU3OHTAIBHHX JAaHOK, TO N> 2009,

3anmumuiock MoOyAyBaTH MPUKIA] pO3TallyBaHHS MPAMOKYTHUKIB st N = 2009
Po3rnsHeMo NpsIMOKYTHHKH, SIKI MalOTh IMpUHY B 1 kimiTuHKY Ta q0BXuHY B 2009
KJIITHHOK, 1110 HAKPUBAIOTh IMOBHICTIO PSAJAKU Ta CTOBIIII 3 TAPHUMU HOMEpPaMH. Ix
pazom O6yzne 2008.0OcranHiif MPIMOKYTHUK — TOH, III0 HAKPUBAE BCIO JIOIIKY.




5. Muorounen f(x)=x°+ax°+a,x*+ax’+ax’+ax+3 3 nilichumu koediuienramu Mae 6 fiticHux Bin' em-

HUX KOpeHiB (MOXHBO, kpaTHuX). JloBenite, mo f(2)= 27,

JOBEJEHHS. Hexait X, X,, X, X,, X, X — KopeHi muorounena f(X); roxi

X, XXX XX o = 3. (*)
3posymino, mo f(2)=(2-x)(2—X,)... (2— X ). Bubepemo cepen xopenis f(X) nBa xopens (06e3 oOMekeHH
3arajbHOCTI BBOKATHMEMO, 10 IIe X, Ta X,) Taki, M0 X, = 43, a X, < ~4/3. i KOpeHi 3adikcyeMo, a X, Ta

X, 3MIHIOBaTUMEMO TaK, 100 ixHii 100yTOK OYB MOCTIHHHUM.

HeBaxko BIEBHUTHCH, 110 3HAUCHHS BUpa3y (2— X )(2—X,)= 4+ XX, + 2(-X,— X,) 3MEHIIUTHCS, AKIIO 3aMiCTh

X%

X, Ta X, PO3IJISIHYTH -%3 1a - 3 Jliroun maii aHaJIOTiYHO, OTPUMAEMO, IO HaiimeHIe 3HavyeHHs f(2) 3a

yMOBH (*) JOCATAETBCA IPU X, = X, =... = Xz = —4/3. Orxe,

f(2)= (2+Y3f >3 =27

6. Y roctpokyrHoMmy TpuKyTHUKY ABC M — BHyTpimHs Touka Bijgpizka AC, a N — Touka Ha MPOJOBKEHHI
cropoau AC, mpuuomy MN = AC. Hexait D ta E — ocHOBH neprieHuKymsipiB, onmymieHux 3 Touok M ta N

Ha npssmi BC ta AB Binmosinno. [loBexits, mio oproueHTp TpukyTHuka ABC J1eXUTh Ha KOJi, OMHCAHOMY
HaBKOJIO TpukyTHUKa BED.

JOBEJAEHHS. Hexait MD n NE = K. 3po3ymino, mo BK —
miamMerp Koja, omucaHoro HaBkono aBED.  Ockinbku
AH ||MK iCH || NK, To OHAC =0KMN 1 OACH =[MNK.

Bpaxosytoun, mo AC = MN, orpumyemo, mo a AHC =aMKN.

Orxe, Bincranb Bin H mo AC nopiBHroe Biacrani Bin K 10
AC. Ockinekn H 1 K nexars mo omuu 0ik Big AC, T1O
HK || AC. 3Bigcu OKHB =90°, i Touka H nexuts Ha Kol 3

niamerpom BK, sike € onmucanum HaBkosio aBED. A

8 mpaena 2009poky



VIl KHEBCKHUI MEXKTYHAPOJIHBINA ®U3UKO-MATEMATUYECKUA ®ECTUBAJIb
Yemnaa mamemamuueckas onumnuaoa. 10knacc. Pewienun

1. B tpanetiun ABCD (AD || BC) na croponax AB u CD B3sThl TOuk M 1 N COOTBETCTBEHHO, TaKHe, 4TO

UBAN =[ICDM. [lokaxwute, utro LIBNA=[JCMD. B c

JOKA3ATEJBCTBQO. OueBunno, uto yetbipexyroibHUK AMND  sBis- N
ercs BrucanHbIM. [Tostomy [JADN +[JAMN =180 . Otcrona

OBMN +OBCN = (180° - JAMN )+ (180 —~JADN )= 180 M

TO ecTh yeThipexyrobHUK BCNM Taxke sBisiercst BnucanHbiM. CrenoBa-
tenpHo, [JABN =[OMCD u

UBNA=180-0UABN - BAN =180 -UMCD -UCDM =01CMD A D

2. Haiinute Bce pynkuuu f iR - R, 11 KOTOPBIX BBIOJIHAIOTCS YCIIOBHSL:
Q) f2x)=f(x+y)f (y—x)+ f (x=y)f (-X—Y) w1 Bcex AeHCTBUTEIBHBIX X U Y,
(2) f(X)=0 mns Bcex NEHCTBUTEIBHBIX X.

1

OTBET. f(X)=0 mmu f(X)= )

PEIIEHHUE. Tlockomeky f(—2X)=f (2L(—x))=f (-x+y)f (y+x)+ f (x-y)f x-y)=f(2X) mns mpowus-

BOJIBHBIX JI€ICTBUTENBHBIX X U Y, TO UMEEM, UTO
f(a) = f(-a) ms moboro allR. *)
Ioncrasus B yenosue (1) X =0, momyunm: f(0)= f2(y)+ f2(-y). Yuuremsas (*), umeem: f(0)=2f?(y). Uz

1
HeotpuiarensHocTr T (Y) cnenyer, uto f(y) =const=c U3 ycnosns (1) ¢=2c?, otkyna ¢=0 uum C= £y

3. Haiiaute Bce mpocThle uncaa P, Ans KoTopbix 5° + 4p* sBsercs KBaapaToM HATYpalbHOIO YHCIA.
OTBET. p=5.

PEIIEHUE. Ilycre 5°+4p*=a?, rae aON. Torma 5°=(a-2p?)@+2p?), orkyma a-2p°=5,
a+2p®=5"rune 10{0, 1, 2,..., p}. OTHAB [Ba MOCIEIHUX PABEHCTBA, TONydnM, uto 4p*> =5 -5,

Ecmm | >0, To 4p2 : 5, oTkyna P =15, KOTOPOE OUEBMIHO YIOBIETBOPSIET YCIOBUIO 3aJa4H.

Ecimm xe 1 =0, To a= 2p2 +1, cnegoBarenbHO 5P = 4p2 +1. [lo MHOYKIIMK JIETKO AO0Ka3aTh, YTO IJIsl JHOOOTO

HATYpPaIbHOTO P = 2 BBINONHAETCS HEPaBEHCTBO 5P > 4p® +1.

4. PaccmoTpuM maxmatHyio gocky 2009x 2009 Ilycte N — HauMeHbIee KOJUYECTBO MPSIMOYTOJBHUKOB,
KOTOpbIE MOXXHO HapHCOBaTh Ha 3TOH JOCKE TaK, YTOOBI KaXKAas CTOPOHA JII0OOW KIIETOYKM Ha JIOCKE Ha-
XOJIMJIaCh HA CTOPOHE XOTsI ObI OJTHOTO U3 ATUX MPSIMOYroJdbHUKOB. Haiimute N.

OTBET. n=2009

PELIEHHME. PaccMoTpuM CTOPOHBI KJIETOUEK, 00OPa3yIONIUX JIOMaHYI0, TTOKa3aH-
HYI0 Ha pucyHKe. OUeBUIHO, YTO KaXIbIH MPAMOYTOIBHUK MOXET COACpkKaTh HA
CBOMX CTOpOHax He 0oJiee ABYX U3 BBIAEIECHHBIX O0Tpe3KOB. [lockonbky 3Ta 1oma-
Has umeet 1o 2009BepTUKaIbHBIX U TOPU3OHTAIBHBIX 3B€HBEB, TO N = 2009,

OcTanoch MOCTPOUTH MPUMEP PACIOJIOKEHUS TPSIMOYTOoJbHUKOB i1 N = 2009
PaccmoTpuM npsIMOYTOTBHUKH, UMEFOIHE UpUHY B 1 kieTouky u qiuuHy B 2009
KJIETOUYEK, MOKPHIBAIOIINE TTOJTHOCTHIO CTPOKU M CTOJOIBI ¢ YeTHBIMH HOMEPaMHU.
Nx Bmecte Oyner 2008.1Tocneaauit mpsiMOYTOJBHUK TTOKPBIBAET BCIO JOCKY.




5. Muorounien f(x)=x°+ax°+ax*+ax’+ax’+ax+3 c neifcreurensubiMu koddduiuentaMu umeer 6

NeHCTBUTENBHBIX OTPHIIATEIBHBIX KOpHEH (BO3MOXKHO, KpaTHBIX). Jlokaxute, uto f(2)= 27,

JOKA3ATEJIbCTBO. I[Tyctb X, X,, X5, X,, X, X, — KopHu MHorouwrena f(X); torma

X, XXX XX o = 3. (*)
[TonsitHo, uto f(2)=(2-X)(2-X,)... (2— X, ). Beibepem cpenu xopueit f(X) nBa xopHs (0e3 orpaHmueHUS
oburHOoCTH OyAeM CUHMTaTh, 9TO 3TO X, U X,) Takue, 4To X, -43, a X, < -43. Hpyrue xopHu 3adukcupyem, a

X, 1 X, OyleM U3MEeHSTb TaK, 4YTOObI UX IPOU3BEICHHUE OBbLIO MOCTOSIHHBIM.

HerpynHo yOemutbes, uro 3HaueHHE BbIpaxeHHs (2— X )(2—X,)= 4+XX,+ 26X,—X,) yMEHBLIUTCS, €CIH

X%

BMECTO X, U X, pacCMOTPETh ~§3 u - 3 JIeHCTBYs anee aHaJIOTMYHO, ITOJIyYUM, YTO HAaUMEHbIIee 3Hade-

aue f(2) npu ycnosum (*) nocruraercs mpu X, =X, =... = Xg = ~§/3. CrnenosarensHo,

f(2)= (2+Y3f >3 =27

6. B octpoyroisaom Tpeyronbauke ABC M — BHyTpenHsas Touka orpeska AC, a N — Touka Ha mpojo-
mxenun croponbl AC, mpuyem MN = AC. Ilyctb D m E — ocHOBaHUS MEpIICHIUKYISPOB, OMYIIICHHBIX W3

touek M u N Ha npsmbie BC u AB cooTrBercTBeHHO. JloKaxkure, uTo OpTOLEHTp TpeyroiabHuka ABC nexur
Ha OKPY>KHOCTH, OITMCAaHHOM 0K0JI0 TpeyroiabHuka BED.

JOKA3ATEJBCTBO. Ilycte MD n NE = K. IlonsartHo, 4to
BK — namamerp OKpyXHOCTH, OHUCaHHOW okono aBED.
IMockoneky AH ||[MK u CH ||NK, 10 OHAC =0UKMN wu

OACH =0OMNK. VYuureBas, uto AC = MN, momydaem, 49To

aAHC =aMKN. CnenoBarensHo, paccrosiuue ot H mo AC
paBHo paccrosiauio oT K no AC. Ilockonsky H m K mexar
o oxny ctopony ot AC, To HK || AC. Otcroga LUIKHB =90°,

u Touka H 7nexut Ha okpyxHocTH ¢ AuamerpoM BK, omucan-  p

HOM okoio aBED.

8 maa 2009200a



